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Limit Theorem for the Distribution of
Eigenvalues of the Operator of Energy

M. S. Goldstein'
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We prove the central limit theorem for the distribution of eigenvalues of the
energy operator of a continuous quantum mechanical system. We consider one-
dimensional and multidimensional systems.
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1. INTRODUCTION

In the present paper we prove that the distribution of eigenvalues of the
energy operator of a system of quantum particles in the box A< R’
interacting through a two-body potential, is subjected to a Gaussian law if
A=, No oo, |4 "' N - d We consider the Fermi and Bose systems at
all values of the density d in the one-dimensional case and at small values
of the density in the multidimensional case. The exact formulation of the
problem and the results are given in Section 2. The basic tool we used in
the proof of limit theorems in the present paper are the reduced density
matrices, which were introduced and investigated in the multidimensional
case by J. Ginibre"® and in the one-dimensional case by Yu. Suchov.“*®
One can easily write formally the moments of the distributions which
interest us in terms of derivatives of the reduced density matrices with
respect to the parameter § (inverse temperature). In Refs. 1-6 it is shown
that under some hypotheses the reduced density matrices can be written in
terms of Wiener integrals, such that one can go to the limit as 4 — oo in
the corresponding formulas. The parameter f is contained in these Wiener
integrals in a standard way. Thus in order to compute the moments of the
investigated distribution, we must first get the expressions of the derivatives
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with respect to the parameter f of some Wiener integrals. Section 3 is
devoted to this purpose. By using the above-mentioned expressions of the
reduced density matrices and the results of Section 3, we obtain the
derivatives with respect to the parameter § of the reduced density matrices,
and prove the existence of the limit of these derivatives, when the volume
tends to infinity. From these results we derive the central limit theorem in
the grand ensemble, and then we prove the central limit theorem in the
ensemble of N particles by using the well-known method of proving the
local limit theorem for the number of particles.® The one-dimensional
case is considered in Section 4, and the multidimensional case in Section 5.

In the case of noninteracting particles the problem was solved in Ref. 9
for the Maxwell-Boltzmann statistics.

The author expresses his gratitude to Ya. G. Sinai for stating the
problem and for his concern about the work and also Yu. M. Suchov for
valuable discussions.

2. FORMULATION OF THE PROBLEM AND RESULTS

We shall consider a system of N quantum particles in a box 4 < R,
which is described by the Schroedinger equation

—3 Z A;Q(x s X ) + Z Vixi—x;) @(x,ey Xn) = E@(xy,..., Xp) (2.1)
i*J

where ¢ is a function of the variables x;e 4, 4, is the Laplacian with
respect to appropriate variables, V(x) is the potential. Let Hy 45, Hy 4 r
denote the sell-adjoint operator, defined by equation (2.1) and the null
boundary conditions in the space L% (A") of the symmetric functions (Bose
statistics), and L? (A") antisymmetric functions (Fermi statistics), respec-
tively. All formulations and results which we give below, are correct for
both statistics. Therefore we shall omit the indexes B, F. It is well known
that under wide hypotheses the spectrum of the operator H, , consists of
eigenvalues of finite multiplicity E (N, 4) < E,(N, A)< ---; moreover, for
ali >0

Q(N, A, By=Y exp[ —BE(N, )] < +0 (2.2)

Fix f>0. Then the mean value of the energy {Hy ,» is computed by the
formula

CHy 4> =Q(N, 4, b)Y ELN, A) exp[ — BE(N, 4)] (23)
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and the probability P (N, A), that the system be situated in the state with
energy E (N, A) is computed by the formula

PK(NsA):Q(N> As ﬁ)ilexp[—ﬁEvc(NaA)] (24)
Consider the following distribution function:

Fyalx)= 3 P (N, 4) (25)

[EN,A)— {Hy > A1V < x

where |A] is the volume A. We shall demonstrate that under some
hypotheses the distribution F ,(x) tends to some gaussian distribution if
A — oo in the sense of Ref. 10 (p. 30), |4]| ' N — d. We shall assume that
the potential V(x) belongs to one of the following classes:

(A) V(x) is a continuous function bounded from below for |x|>
¢o>0, V(x)= +oo if |x]| <c¢q, ie., V has a hard core of radius ¢,, and there
exists an o, >0 and monotonically decreasing function V(»), # = «a,, such
that [V(x)l <V (Ix]) if [x] = 2,

Jr Vi)' ldi< +o0 (2.6)
o0 .
(B) V(x)is a continuous, nonnegative function for |x| >0, and
J | V(x)] dx < +o0, where o,>0
|xf > 29

Note that under our hypotheses there is a constant B>0 such that if
X;— x| =Zc¢o, i, j=1,2,.,m, i # j, then

Y V(xo—x;)> —B (2.7)
Let us consider the following quantity:
(Hy = <Hy )
=Q(N, A4, )" Y [EAN, A)—(Hy > exp[ —BE, (N, 4)] (2.8)

Theorem 1. Let v=1, Ve(A4), and let V(x) be finite, 4 — oo,
|A] "' N>d<ci!. Then

lim IA,_1<HN,A> = hy, lim |A,~1<(HN,A - <HN,A>)2> =g (29)
and if g, #0 then

lim F o(x) = (2ng0) 2 [ exp(—1%/2g,) di (2.10)
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Theorem 2. Let v be arbitrary, Ve(4d), or Ve(B), 4- o,
[A| ' N —d. Then there is an g, >0 such that if d< g, then

lim |A|71<HN,A>=hOa lim ‘A|~l<(HN,A_' <HN,A>)2>:g0>0 (2-11)

lim Fy,_(x) = (2ngo) f " exp(—13/2g,) dt (2.12)

Let us consider the grand canonical ensemble. Let #, (4)= @ L% (4") b
the Fock space over A, N be the opcrator of the ‘number of partlcles
H,=® H, 4 be the Hamiltonian. Let

(Hy»=2Z(A4,2,p)"" 2" Y E (N, A) exp[ — BE(N, 4)] (2.13)

N K

(H = CH Y > =Z(A, 2, B) 7' Y 28 Y LEAN, A)~ (Hy 0T
x exp[ —BE.(N, A)] (2.14)
Fux)=2Z(4,2,)"" Y 2" > exp[—BE.(N, 4)] (2.15)

N o [ENA)— CHOINA < x
where z > 0 is the activity, and

Z(A, z, B) Zz”Zexp[ BE (N, 4)] (2.16)

is the grand partition function.

Theorem 4. Let V be the same as in the Theorem 1. Then

Hm AT =R, m A (DY =8 (217)

and if g,+#0, then
lim Fy(x) = (2n3,)~ "> j " exp(—1223,) di (2.18)

— O

Theorem 4. Let V be the same as in Theorem 2. One can find
zo >0 such that for 0 <z <z,

im (A7 CH > =ho,  Lm A (H = CHD)P ) =58>0 (2.19)

lim F,(x) = (2n8) "> J T exp(—2g,) dt (2.20)

The proof of Theorems 14 is based on results related to the reduced
density matrices of the systems, which were obtained in Refs. 1-6. Let
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p4{x™, y™) denote the m-point reduced density matrix of the system, which
is defined as (see Ref. 1, p. 243)

m+s

© 5 ]
pule™ ) =Z(A 2 B Y |
6=0

s!

x Y A(£) T expl—BH,i 0] [ II(y™)] (221)

where x"=(x,.. X, ) ER", V"= (Vs Ym)ER", ' =(uy,.., u;)€ A’
exp(—BH )(x", y") denotes the kernel of the operator exp(—pHY),),
H{), is the self-adjoint operator, defined by equation (2.1), and null boun-
dary conditions on the space L*(A"), the second sum runs over the
elements of the symmetric group S,,. ,, (£)7 is + 1 for Bose statistics, and
the signature of the permutation I7 for Fermi statistics. We shall obtain the
following results concerning the reduced density matrices.

Theorem b. lLet ¥ be as in Theorem 1. Then the derivatives
0"t p 4(x, y)/op" 0z* exist and

r+ic R r+K
fim 0" palx, y) 0" p(x, ¥)
A Of 02° op oz°
ar+fc ar+;< ~1 (0 0) (222)
li A -1 -1 :———————————Z P,
Jim |4 L&ﬂ’@z"z palx, x) dx 267 62"

where p(x™, y™) are the limiting reduced density matrices m, k, r=1, 2,....

Theorem 6. Let V be the same as in Theorem 2. Then there 1s a
2o >0 such that for |z] <z, the derivatives 0" “p ((x, y)/0p" 0z exist and
Ar+ K m m r+x m m
fim O PaX" ") 0" p(x”, ")
A0 apr oz« opr oz"

ort« . ar+x2—1p(0,0)
z7 p4x, x) dx—_—éﬁ—’éz_"—

(2.23)

lim 4|7 ] ———

Jim 1] L 2p oz

where r=1,2,3, m k=1,2,..
The proof of Theorems 5 and 6 presents specific technical difficultics.

Namely, it is well known that the kernel exp(—BH®)(x", y") can be writ-
ten by means of the Feinman—-Kac formula (see Ref. I, p. 249)

exp(—BHQ ), y¥) = | Py w(dor™) [] 2.4(0})

X exp| — pU(wN(s)) ds (2.24)
|- [ a]
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where P# (dy)is the conditional Wiener measure, on the trajectories 5(S),
« 4(n) the indicator functional of the set of all trajectories which lie in A4,

XV = (X ey X0 Y= (Piges Ya)y 0N = (0,00 0 y)

Uw"y =73 Viw,—w,) (2.25)
i#*j
Thus we must compute the derivatives of the integrals of type (2.24) with
respect to parameter f. Integrals of such type were studied in the
works,!'?) but their results are insufficient for our purposes. In Section 3
we shall obtain the necessary results, concerning these derivatives.

3. DERIVATIVES OF THE WIENER INTEGRALS WITH
RESPECT TO PARAMETER

Let x, ye RY, >0, Q(x, y, B) be the set of all continuous trajectories
w(s) in RY, 0 <s<f such that w(0) = x, o(f) = y; P/ (dw) is a conditional
Wiener measure on Q(x, y, f) with the total mass p(x, y, f), where
p(x, y, B)=(2rB)~"* exp[ — (x — ¥)?/2B] is the Wiener transition function.
Let A4 be a region in RY U(z) a continuous, bounded from below real
function on 4. Put

K(x, y, )= | PL (do) a () exp [_ JO” Uw(s)) ds] (3.1)

where

aw)=1ifw(s)ed  forallse[0, ] (3.2)
o () =0 otherwise |

Lemma 3.1. The function K(x, y, §) has an analytical extension
with respect to the parameter f§, in the domain Re § >0, and moreover

|K(x, y, B)l <exp(Re - B)(2nRe f)~ (3.3)

where B =inf U(z).

Proof. Let the domain A be bounded. Let H be a self-adjoint
operator, defined by the expression H= —A4 + U(z), where 4 is Laplacian,
with null boundary conditions. Then, due to the Feinman—-Kac formula
K(x, y, B)=-exp(—BH)(x, y). By using the Mercer theorem, we can write
the continuous positive definite kernel K(x, y, §) in the form (see Ref. 13,
p. 326)

K(x, y, B)=2_ exp(—BE,) ¢.(x) ¢.() (34)
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where E, are eigenvalues of the operator H and ¢, are the corresponding
eigenfunctions k=1, 2,.... If Re >0 then

Y. lexp(—BE,) ¢.(x) 9.()]

172

1/2
< (Z exp(~Re fE,) |¢K<x)12) (z exp(—Re BE,) lm(y)|2>

= [K(x, x, Re f)1"*[K(y, y, Re §)]"*
<exp(Re B)- (2n Re f) ~*? (3.5)

If the region A is unbounded, we can use the compactness principle for
the families of analytical functions. The Lemma is proved. |}

Corollary 3.2. The function K(x, y,f/) has  derivatives
O"'K(x, y, B)/op, r=1,2,..., and the following estimates hold for f>0:

0"K(x, y, .,
T <o exp(288) pix. 3. 4) (6)
where B=inf U(z), ¢, constant.

Proof. By using the estimate (3.3), and Cauchy inequalities for the
derivatives of an analytical function we can write

__@’Kg;__; ’ ﬁ)‘ <! @ e exp(2B)(ep) o2 (3.7)
Further,
ra_’?(i_é;’_ﬂl,@l(mx, 7, B+8)| + [K(x, ¥, B)])
+ max [0%K(x, y, )0y (3:8)
ly—pl<3d

where 6 >0. Put 6 =exp[ —(x— y)*/4p]. By using (3.7) and (3.8) we can
obtain the estimate in the nceded form, for the first derivative
0K(x, y, B)/dp. Analogously, one can obtain the estimates (3.6) for the next
derivatives. |

Let x, y, A be the same as above, u; >0, p, >0,..., g, >0 are integers,

let U(x10s X115 X145 X205 X250 Xopyrees Xg,) DE @ continuous bounded
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from below real function on 4 = RE#4+! and W ,(z), W,(z),..., W,(z) boun-

ded continuous, integrable functions on 4. Consider the following integral:

L(x, 2 .B)zjf’“J’P.(xll,_tlmw(dwl) chlz,,tzmw(dwﬂ'”P;{,,L#qw(dwq)

X OCA((UI(')’wl(.+ﬂ)r"awl('+ulﬂ)’ 0‘)2('),
wz('—i_ﬁ)""a (Uz +1u2ﬁ)’ 4 +.uq18))

w B
< 1 [ [ Wil +kuB), wals kB 0,(5+ K, B)) ds]
i=1L"0

x exp[— jﬂ U(@,(5), 015+ B)orey @5 + 11, B)) ds}
0
(3.9)

where 0 < k; < y; are some integers, f§ > 0.

Lemma 3.3. The function L(x, y, ) has derivatives 8"L/d8" r=1,
2,..., and the following estimates hold:
J'L(x, y, B)

ap’

<@y prexpB) | [ o] deydeeedzy,
RU YR Rl

X dzyy e dzg., Y. j dsf dsy - J‘ ds,,
8128 Sn—1
. :
;
mi<my< o <my Rupt! Ru1+ U J pua+l R+ 1
i
Xj J D dy ™ gy gy dw @ -«
Rig+1 Rig+!1

.
< LTI 0 W)

| pos,a? sl)#ﬁlpzl,, s |
<[

ﬁ p(u(” u(z) (SZ-—SI))}“'
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(a1 + 1
| TT =2, utm, (sml‘rsm_z))]

Lj=1

a1+ 1
X n p(uj("mkl): u}m”7 4r(sm1 —Sml—l)):l e
Lj~1

r m+1

x | plxa, viV, 51) n (2o, U}”’Sl)jl
L j=2

a2+l

| IT pw®, 0@, (s,—s, ))]-.. (3.10)

Lj=1

where ¢, are constants, g;#g;, and if for example u;=0 then the
corresponding integration is absent.

Proof. We consider for simplicity the case p;=p,=--- =0. Let

L(x, y, 5):[%1 [y [ s, [ P2 (d0) 4(@)

[¢] 5] V-

< ] Wals) exp[~ Lﬂ U(o(s)) ds] (3.11)

Jj=1

Let us estimate the derivatives ¢’L/8f". Let ¢=f/n+ 1. We have

L(x, y, ,/)’):Uj dsljj ds2--'jjv dsn+f: ds, JB ds, Jﬁ dsy -

si+¢& 5

B £ si+e Sp-2te B
xj ds, + - +f dslf dsz---f dsnmlf ds,
Sp—1 0 51

Sp—2 Sp—1+¢€

+ j: ds, fﬁsdsz'”rn‘ﬁs dsn]{Pﬁy(da)) ()

51 Sn=2

x Wilw(s,)) Wiyw(sy)) - Ww(s,))
]
X exp[- j U(w(s)) ds] (3.12)

Let x,.,Xx,eR, O<s;< " <s5,<f, weel(x,x(,5), w.€
Q(Xy, Xgy 83— 8 )y @, € (X, ¥, f—5,,) and (wy,..., ®,,) denote the tra-
jectory w e £2(x, y, f) such, that
o(s)=wy(s)for 0<s < sy, w(s)=wls;,; —s)fors, <s<s;,

Jj=12.,m—1, o(s)=w,(p—s,)fors,<s<§ {3.13)
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Then for any functional f(w), which is integrable with respect to P£ (dw),
the following formula:

fp (dw) f(w

=ququ"' quxl dx, - dx,,

Qx ) Y2032 —51) Q= 1 EmSm— Sm-1)

X PR ) PEL ) Py )

X Pfl;‘jm(dwm)f((wo, Dy semey W) (3.14)

holds. By using this formula, we obtain

f:dsl EJrsdsz'--rWZHdsm,l Jﬂ ds,, jﬁ dsy, .

Sm—2 Sm—1te Sm

<[" ds, [ PL(do) au(0)

Sn—1

W (@hs0) Walwlss) - Wl exo | = [ UGt s |

:J:dslrlﬂdsz'“‘rmﬁﬁgdsm_lJﬂ das,, J dS, j ds,

st Sm—2 Sm—1+ & Sn—1

Xf ‘( f dx; dx, - dx,, Wi(x)) Wyx,) - W,(x,,)
R4 YRY R4

XH"'IP?,x(dw )psle x;l(da)z)...

X PSm— Sm- l(dw )Pﬁ A"(d”])OCA(C‘)l)

Xm—1-Xm

X o (,) o 4(0,) 04 (1) W o 1(1(S 4 1 — S))
X Wm+2(n(sm+2—sm)) Wn(w(sn—sm))

=exp[— js‘ U(w, (1) dz—J2 ' Ulawy(1)) di —

Sm = Sm—1 B —sm
[ v [ v a |
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& 51+ 61 Sm—2+¢ B
=j dslf ds2-~-j dsm,lj
¢ s1

Sm2 Smo1+e
X Wi(x) Wiy(xs) - W,.(x,,)

x K(x, xq,50) K(xy, X5, 5,—58) "

X K(Xn 13 Xps Son—Sma— 1) Lon(Xns ¥, B—S1)

where the function K is defined by (3.1), and

L& n, 1) = [ Py ) ae) [ ds, [ dsy--

0 51

[ s W (@1(50) W05, )

Sn—m—1

X exp [— f U(w(s)) dsJ
0
(,neRY 1>0. Puts,,=f—1tin (3.15). Then

;ﬁf: ds, J:IJrEdsz-..J:t:Jrsdsmq ‘[B

Sm—|+E
B
|

Sp—

B
dsmf ds, .
Sm

ds, | PL (dw) o 4(0)

ds,, f dx, dx, - dx,

W 0l) Walolss) - Woots))exp | = [ Uots)) ds |

e sp+¢ Sm—2+¢& B—sm-1—¢
=J dslf dsz---f dsm*lf dt
0 0

S Sm~2
XH---jdxl dxy - dx,, W,(x,) - W (x,)

X K(x, xy,8) K(xy, x5, 8,—5;)

d

x [ ey oy dx,, W(xy) Walos) - Wi(x,0)

Sm-2

339

(3.15)

K( )Z Ed 51+£d Sm_2+¢€
X— X — 15 Xims '—[—Sm¥ m+j S A) J
aﬂ 1 1 0 I‘JSI 2

XK(xaxl’sl)K(xlaXZsSZ_Sl).”K(xmfzaxm)lrSm-l_sm72)

XK(xm~l>xm’ 8)'Z‘m(xm7 y>ﬁ—sm—1_8)

(3.16)
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Note, that f—t—ys,,_; >¢ in (3.16). Hence, by Corollary 3.2
OK(X oo s Xpas P— 18— Sp_1)
op

<cle exp[2(B—1—Spm-1)BIPp(Xpm_ 1> Xpo 4(B— 1t —s5,,_1)) (3.17)
In addition
K(u, v, 7) <exp(tB) p(u, v, 1)

L, 0. 2)| <exp(eB) [ sy | sy

Sm+1

j dsf jdxm+1 dx, (313)

Sp—1
X p(usxm+1asm+1)p(xm+17xm+27sm+2_sm+1).”
X p(x,,,v,‘c—sn)
From (3.12)}-(3.18) we have
6Lx , B
‘ J ﬂ)\<c‘1£“exp(2[3B)J dslj dsy- J ds,

S1 Sn—1

XZH del-'-dx,,

fl W] (X1, 51) POXs X0 82— 51) - (3.19)

Xp(xm—zaxmflﬂsmflb—s )p(xm 1> X ms4(s =S 1))
x p(xmaxm+lﬂsm+l_’sm)"'p(xna Vs ﬁ—Sn)

where ¢, is a constant. The necessary estimate for the derivative ¢L/0f

follows immediately from (3.19). Further, we can differentiate the relation

(3.16) with respect to 5, and by means of (3.19) get the estimate

o’L(x, y, B)
op? ,
<c§8‘2exp(2ﬁB)J dslj ds, - J ds, ¥ jj---jdx1~--dxn

Sn—1 myp < my

X n Wix) p(x, xlﬁsl)'”p(xmlf2?xm141’sm1#1'—sm1—2)

X p(xml—la xmla 8(Sm1~sm171)) p(xml’ xm1+1’sm1+1—sm1)'”

X p(xmz—l’ xmza g(smz‘stA 1)) p(sz, xm2+ 1 Sm2+1 —smz) Tt
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from which immediately follows the necessary estimate for the derivative
9%L/6p% and so on. Thus one can get the necessary estimates in the case
f=u,= - =p,=0. Starting from this it is possible to deduce the
analogous computations in the general case. The Lemma is proved. §

Lemma 3.4. The derivatives 0'K(x, y, f)/0f" can also be estimated
in the following way:

i’%’%@{ <I[K(x x, )17 {K(‘y, 5B

+ (nf) " exp [— —g—(ﬂv— B)}} / (3.20)

where B=inf U(z), A>max(B, 4rf "), r=1,2,...

Proof. Let H be the same as in the proof of Lemma 3.1. Let us write
the function K(x, y, f) in the form (3.4). For the eigenvalues £, of the
operator H the inequality E_.> —B holds. Hence, we have for 4>
max(B, 4rf 1)

S £ exp(—BE,) ¢o(x) w(y)[

1/2

1/2
< [Z exp(—pE,) Iwk(X)Iz} [Z EY exp(—BE,) I%(Mﬂ

<[K(x, x, )] [2 S exp(~BE,) m(y):Z]

E <A

+ [max E* exp(—fE|2)] Y exp[(—BE/2) lo.()*]"7

Ey> A

SALK(x, x, B)12[K(y, », B) +exp(—B4/2) K(y, », §/2)1'?

The Lemma is proved. |}

4. PROOF OF THEOREMS 1, 3, AND 5
First we prove Theorem 5. To this end we now obtain some rough

estimates for the derivatives of the reduced density matrices with respect to
the parameter f. Let V(x), p(x™, »™) be the same as in Theorem 5.

822/40/1-2-22
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Lemma 4.1. The functions p(x™ y™) have derivatives
p4(x™, y™)/6B" 0z° with respect to the parameters f, z, and the follow-

ing estimates hold:

ar#—;c
ar+t<
‘WZWMPA(xma ym) SCr,tc,m(ﬁ, Z) 1A|2r (41)
where ¢, (B, z) are constants, sup{c, . (f, z):0<p, <P<P,< +o0,
0<z<z,} < 40,

Proof. Let n<|A|*% Let us estimate the derivative

<afonnyep| - [ e o) ds | 62)

by means of Lemma 3.4, where «", a4, U are the same as in (2.24). As long
as U(w™, y")= —(m+n) By, n<|4|*?, we can apply Lemma 3.4 with B=
(m+n) By, A=2mB, |A|*. By using the Shwartz inequality we obtain

Zn r

ELnd op

[ Pl ey L, )

n< |43

<auomtyens| = [ U ) ds |

<2mBO|A|2r[ ¥ 'Z'j " ([ Pl o der™) P ")

n< |A|3/z

5 12
<o e - [ U e.ren ||

) {K%W ,j!n UA du” H P, .(do™) P5, .(dn")

<aontyenp| = [ U0 ds |

,B 1/2
+(nB) = A" exp (- 3 W)B

< 2mB, exp(fmBo)(2nf) =" - |z|" - [A)7- Z(4, |2), B)  (43)

where Z(A, |z|, B) is the grand partition function.
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If n>|A4]*? then we estimate the derivatives (4.2) by means of
Lemma 3.1, and the Cauchy inequalities for the derivatives of an analytical
function. We have

n Ar
Z

0
_— n___ B m B n m n
! JAn du 5ﬁr” Pl u(ded™) Pl i(dn™) 2 (0™, 5")

n>|A32

B
X exp [— L U(w™(s), n"(s)) ds}

<! <§>‘r Y |Z—Ln(nﬂ)“(””‘)/zexp[Z/?(m-f-n)B()] ik

n> |42 n.

< @ (nB) ™" exp(2fmB)

« Z <27t/)’ |A| exp(2B, + 1))”
> (A2

(44)
n

Let

Z(A, z, f, X", p7) = ),
n=0

+m
Zn

| ] Pl o) Pl st

x (@™ ") exp [— Lﬂ U(w™(s), n"(s)) ds] (4.5)

It follows from (4.4), (4.3), that

r

5
@;Z"”Z(A, z, B, x™, y7)

where ¢, ,(f) is constant, [A|>1,,(p, z), and 4,,(B,z) is constant.
Analogously,

<8 m(B) A7 Z(4, |2], B) (4.6)

Ar

52—,2(4 z B)| <2, m(B) 1417 Z(4, I2], ) (4.7)

Hence, if z >0 then

0 0
’55 z7 4 (x7 y’”){ s ’b_l} 27 "Z(A, z, B, X"y Z(A, 2, B) !

+27"Z(A, Z, B, x7, Y")

—a%Z(A, z, ﬁ)? Z(A, z, )2

<cim(B) 1417 (4.8)
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where ¢;,(B) is a constant. Analogously, one can estimate the other
derivatives.

Now we can prove Theorem 5. Let us consider for example the 1-point
reduced density matrices p 4(x, y). It follows from the results of Ref. 5 that
one can find s, =s,(z, ) >0 such that if x, ye[a, b], A=(a—s,b+1),
A'=(a—s,b+1t), A"=(a—r,b+q), A"=(a—r,b+q'), s, <s5<s5'<
s+1,5,<g<q' <g+1 then for fixed b—a

1zl " palx, y) = po(x, ¥) <exp(—s™) (4.9)
1zl | p X, ¥)— p ae(x, ¥)| <exp(—1™) (4.10)

where o, =a;(z, ) >0; moreover if |z|<z,, 0<f;<f<f;< +o0, then
sup sy(z, f) =35, < +oo, inf a(z, f) =&, >0. Hence we can write

|z~

0 i)
5/;pA(x, y)—@pm(x, y)‘

<zt

0
5501905 )57 g s )= gl y)]|

+8_1 |ZI -1 ﬂmax |p/1,y(-x9 y)_p/l’,y(xa J’)|

B—yi<e

0
S ’éﬁ pasls ) — 6 Toag sl ¥) = papl y)]‘

o _
Seff ™" max 372 Panl y)( +&7 "z 7 exp(—s7)

+e|z]7! max
IB—yl<e

az
a—yip/r,ﬁ(x’ y)’ (4.11)

Put &= exp(—s"/2). By using the estimates (4.9) and (4.1), we have

? 2 5"
El ‘@ pales y) =g palx, ¥)| < const |4[7 exp <~ 7) (4.12)
Analogously

&y

0 G,
i '6—5 parl y) =75 parlx, y) | < const IAIZeXp<— %) (4.13)

Let A4 be the same as above and s=¢, Q=(a—s—k,b+s+q), g=
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k>0, ¢, x integers. Put Q, =(a—s—j,b+s+j), j=0,1,2,.,k Q;, .=
(a—s—w,b+s+x+j),Jj '= 1, 2,.., ¢g—x. Then, from (4.12), (4.13)

|21~

0 0
a5 ¥) =55 P, )

g—1

SEDY
j=0

) d
ij{)j(xi y)__a_ﬂpfzj_“(xa J’)]

<const . (25+2/+b—a)’exp[—(s+)"/2]

j=0
< const exp( —s2) (4.14)
where o, >0 is a constant. If s #¢ then
|0 J .
|z] a—ﬁ—m(x, y)—“(%PQ(xa ¥)| < const exp{ —[min(s, £)]*} (4.15)

Let p(x, y) be the limiting 1-point reduced density matrix. It follows from
the results of Ref. 4 and inequality (4.15) that the matrix p(x, y) has a
derivative (0/88) p(x, y) with respect to the parameter [, and

ER } 35 0l y)—%p(x, y)' <const exp{ — [min(s, )]} (4.16)
Let us verify that

2 {mrl 0 g s x) d =2 (0, 0)! (4.17)

op op

where ¢, — o0 when 4 - oo, Let A=(y,,7,), A;=(y,+74,Y,—r4) where
r,— o0 when A - co. Then from (4.15)

BV

A

0 0
[—a—ﬂ— P X) = 52 (0. m] dx

< const exp(—r%)

Let A, =(y,, v, + 2r,). By using the estimate (4.13) we may verify, that for

|21 7 a—ﬁ-p/t(x,/) aﬁpAz(x x)| < const exp(—r77) (4.18)
It follows from (4.18) and Lemma 4.1 that
|z| ! 0 p4(x, x)| < const r? (4.19)
8/3 4 A ‘
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Hence,
A= g 0 s x)— 2 p(0,0)| dx<const ||~ 73 (4.20)
n op op
Analogously,
ER \A|—1j” 2 e x) =2 p(0,0)] dr<const 14~ (421)
y2—ra | OB op

Thus we have obtained the relation (4.17).
Analogously, one can obtain the other statements of Theorem 5.
Let us prove Theorem 3. We have the following formulas:

—Q—ln Q(4, N, B), (Hy )= ~-—a— In Z(4, z, B) (422)

<HN,A>= ‘aﬂ 6ﬂ
((Hy—Hya))) = 6ﬂ2 ln Q(4, N, B)
(4.23)
(H —<H DY >—aﬂ2anA z, B)
d
z% m z(4, z,ﬁ)=j p.4(x, x) dx (4.24)
dz 4

where Q(A, N, B), <Hy,>, {(Hy,—<{Hy.))), Z(4,z ), <H,),
((H,— {H,»)*) are defined by (2.2), (2.3), (2.8), (2.13), (2.14), (2.16). Tt
follows from Theorem 5 that under the hypotheses of Theorem 3

r+x F+K
fm 4] o0 Z(4, 2, )= HE )

P op 0z ap" oz (425

uniformly for |z| <c¢y, pe[f;, B,]; where A(z, B) certain function ¢;, f3,,
f,>0 arbitrary constants. ||

Lemma 4.2. Let Q(A4, N, B), Z(A4, z, f) be the same as above. Let
the functions Fy_,(x), F,(x) be defined by (2.5) and (2.15), respectively. If
forr=1,2,3

lim [A] !

5"
= .26

3 )=28, (4.26)

uniformly for fe [B,, f,], where g,(f8) are bounded, g,(f) >0, then

lim Fy_(x) = (2ng,)~ J T exp(—13/2g,) dt (4.27)
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Analogously, if for r=1,2, 3
d
lim |A] !
im | 4] i
uniformly for fe[f,, f,], where g, are bounded, g,(f) >0 then

=g (4.28)

lim F ,(x) = (2ng,) 2 | " exp(—122g,) dt (4.29)

Proof. Note that for any function f(x)

]

[ () dGrux) = QN 4, ) Zf(EK(N»A)—<HN,A>>
x exp[ —BE.(N, 4)]

where E, (N, A) are the same as in (2.2), in case the sum on the right is
finite. Hence, for fixed s and 4| > (s~ !)?

Onals)= | explsx) dFy 4(x) =exp(—s 14| *CHy 1))

-0

x Q(A, N, )1 Q(A, N, B—s 4] 7?) < +o0 (4.30)
Let us write the function 0, ,(s) by means of the Taylor formula
g
In Oy ,(s)= —s4| ‘1/2<HN,A> +5 14| *1/2523‘111 Q(4, N, B)

s2|alt 82 s |apP? 82
2 o BOUN ) -

In Q(N, 4, 6)
(4.31)
where [0 — 8| <|A]~"2s. Tt follows from (4.30), (4.31), and (4.26) that

lim |  explsx) dFy_4(x) = exp(g,52) (4.32)

Thus Lemma 2 follows from the next Lemma 4.3. |

Lemma 3. Let F,(x) be distribution functions. Let for all se

[—a,b]

fo exp(sx) dF,(x) < +o0,  n=n, (4.33)
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and suppose that there exist the limits

lim | 7 explsx) dF,(x) = exp(gs/2) (4.34)

where a, b, g>0. Then

lim F,,(x)=(27tg)‘1/2fx exp(— 12/2¢) (4.35)
Precof. Put
bu(s+i)=]  expl(s+ix]dF,(x), n>no (4.36)

where se [ —a, b], 1t (—0o0, +o0). It follows from (4.33), (4.34) that 6, are

analytical functions of the variable z=s+ir, and |0,(z) <M,, where

M,< 40 is a constant. The family {0,(z)} is compact according to the

compactness principle for families of analytical functions. It follows from

the uniqueness theorem for analytical functions and relation (4.34) that
lim 0,(s+it)=exp[g(s +it)%/2]

n— 0

In particular,
tim | 7 explitx) dF,(x) = exp(— g*/2)

Hence, the relation (4.27) is correct. Analogously, one can obtain also the
second statement of Lemma 4.2.
Thus we have obtained the proof of Theorem 3. Consider the function

b & 2V ON, A4,
U aep(i) = Z(4, 2, ,B)‘IZ(A,ze“"ﬁ)=N§Oe’ fﬁ%—z% (4.37)

where z, §>0, Ae (— o0, o). We have

QN AR L
¥z ﬂ)‘zTJ_ne W 4 p(R) di (4.38)

In Ref. 8 it is shown that under the hypotheses of Theorem 1, the following
estimate,

¥ azp(A) Sexp(—14]), if A >]4]7" (4.39)
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holds for o> 0. It follows from Lemma 4.1 that

¢ ,
‘5/3— Vazp(A)| < u(Bs 2) 4] (4.40)
where C,(f) is a constant. We have
N, - _
2t <o gl +67 Woa
0 e |
+ ¢ max 441
‘o hiee | 0B ‘ﬁ:ﬂ’ (341

where ¢>0. If we take in (4.41) |A] > |A4]| 7% e=exp(—]|4]*/2) then by
using the estimate (4.39) we shall obtain

] O 4,2,5(4)
op

where ¢,(f, z) is a constant.
Now we expound in powers of 4 the expression In ., 4(4) in the
neighborhood 4| < |4]~* We have

, 0 .
In l///l,z,ﬁ(’t) =4 3 In Z(A, ze”, B) -0

<&(B, z) exp(—|4]*?) (4.42)

52 92 .~
+75/Tiln Z(A, ze", B)+ R (4.43)
where R is the remainder. It follows from the definition of the reduced den-
sity matrices that

a . ~
= InZ(4, 2", B) |, o= i JA p A(x, x) dx

A2

L i _ d
S0 Z(4, 26" B) o= =2 [ —p,(x x) dx

Let n(4, z, f)=1A4| " [, p4(x, x) dx. In Ref. § it is shown that

P4, 2 ) =90z ) (444)

where y(z, §) >0, and if |4]| =" N <c¢;'; then the equation

nd,z, B)=14|"'N
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has a unique solution Z(N, 4, f). Hence, we can find ¢, >0, d, , >0 such
that
n(4, z, B)—14] 7' NI < 4] 72 (4.45)

for all Be(fo—e4,Bo+es), Ze[Z(N, 4, Bo) —9dn4, Z(N, 4, ﬂo)_*_éN,A]-
We have

[ ey
[A] < ja)=*

= 14|72 | exp{in |41"[n(4, z, )~ 4] ' N]

lu) < |Af2=

2

—52p(4,2, )+ R, 2., 14|72 )} d (4.46)

where u=|A4|"? A. It follows from (4.25) that

r

) O vz, ﬂ)|<b,(z, B) ‘ O oz, ﬁ))smz, B) (447)

op" ap"
where b,, b, are constants. We can write the remainder R in the form
3

R(A, 2, B, 2) = jdzj fdh6631nZ(A,zefh,ﬂ)

Then from (4.25) we have

0" 23 ~
5E;R(A, z, B, i)( <—6- 4] b,(z, B) (4.48)

where E,(z, f) are constants. It follows from (4.38), (4.42), (4.46), (4.45),
(4.47), (4.48) that
1 o 1 o
Alop " 14 o

if A—o, Ze[Z(N, A, By)—0n1, Z(N, 4, o)+ 6y 4]. Now Theorem 5
follows from Lemma 4.2.

= InZ(A4, z, B) |5 g, +0(1)

5. PROOF OF THEOREMS 2, 4, AND 6

Let V(x), p,(x™, ™) be the same as in the theorem. In Refs. 1-3 it is
shown that the reduced density matrices p ,(x™, y™) can be written in the
form

palx™ Yy = ()T Y () fP“mE(‘ym)(dw'”) pal@™, @) (5.1)
7

un=0
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where A, x™, y™, II, (+)" are the same as in (2.21), u™ = (u,,..., fi,,) is a
multi-index, u,>0 are integers, |u| = Z] VM, ()M, IT is 1 for Bose
statistics, (~1)'“' for Fermi statistics, P%:}}(d(™) denote the conditional
Wiener measure on the space

H Q(z;, wy, (w+ 1), Prati(dl™) H Pl AL

if for example Ve (A4), then

1 0 pmtlpltr

pale” i) = ¥ S | SV [ Pl
X dA*"O(w o 1 )exp[_ U(wm’ /’Lma ﬂr)] (52)

Z(A4, z, B) is the grand partition function, o, (6")=[T17_, «4(0,)] % 4,0 ( ")
where the functional «, is defined by (3.2), 4,= {(6 Ly B,):
min, . ; 10, — 0] >c,}

U(wl seves W5 Pysees Py Miseees ﬂr)

:f:dz[ y i fV(w,.(zHﬁ)—wj(zwﬂ))

I<i€jsmre=01[=0

+ ) Y, Wodi+kf)—aoft+1p))

I<ismOsr<i<y

D) V(wf(r+kﬂ)—n,<z>)J (53)

I<ismlIgj<r

Let [, denote the set of all equivalence classes of permutations of r
variables. We make use of the following notations of Ref. I:

(i) If yer,, then y, denotes the number of cycles of length j in the
arbitrary permutation I7 € y, k’, is the number of all permutation I7€y, h, =
rTI -y L7y D).

(i) by dy=du' Spre, (+)7 Py (e’

(iii) For a given ey, yel,, and n"=(1,,.-,4,)€Q(u’, v, §), the
trajectories #4,,..., #, are distributed in closed loops ¢ corresponding to the
cycles ¢ of IT; let w(s) be a trajectory in R”, 0<s< (4, + 1), then we put

Koy, pi,y)= 3, fle)

cell

where ¢ is the closed loop corresponding to the cycle ¢e 17

fe=ew{=[" 8 ¥ Vo(+ j-ndi a1

J=0mec
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(iv) Let @™, u™ be the same as in the Eq. (5.1); then we put

Fomw=['| T Ve ip-oe )

O j<r<sy

+5Y 8 V(wl(z+jﬂ)—w,c(z+j,cﬁ))}dr

Jj=0kKk=2jj=0

It follows from Ref. 3 that there exists a z,>0 such that for |z| <z, the
1-point reduced density matrix p ,(x, y) can be written in the following
form:

pals )= Y (£) Y jP<ﬂ1+“ﬂ(dw1>c (@1, 1)) (5:4)

ur=0 g=0

Colovy, ) = 287000 Z
i r2

% Z Z Z z ZN(y,é,...,o')

ry C{ yel‘,lée[‘,2 o'eFrq
x hphg iy [ dy [ o [ do
x exp[ —Fi(@p,)] K@, gy, 7)
x exp[ —F(n™, )] K(n, £, )
X E:Xp[—F(n(V"ls(”' 1’ g(é)n(é))]
X K(1y, &, 00n@) - exp[ = F({H 7+ 5Pt )
x K(CP, 2, 1, v@) exp[ —F(z'9, v') ]y,

fo,(0), @1(-+ Boes @1 (- + 4y Bsvn ) (5.5)

X

where 17 = (n,, #1240y 1.,), n{s) are the closed loops which correspond to
the cycles cell, ITey [see (ii), (iii)] the trajectory #,(s) is defined for
0<s<(g+ 1), i=1,2,.k,, &= (81, 5 8g); 0° m’.. are defined
analogously; #7~ "= (1., 71,,), &7~ = (e Ee)r 177 2= (3500 1)),
eM 2= (g3, 8, ) 75 N(7,9,.., ¢) denotes some integer which we shall
indicate below; N(n) denotes the quantity of all cycles in «, the summation
runs over all 9, §,..., ¢ such that N(y)+ N(3)+ -+ + N(g)=g4.

Letusfix ry, rp,s vg, y€1,, 6€1,,., 0, in the formula (5.5). Let
7; be the number of cycles of length j in the permutation I71,€y, j=1,
2,..,r;, 6, be the number of cycles of length j in the permutation 17, € 6 and
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so on. Then the term in the expression jP‘;jy“(dwl)Cq(wl,/zl) which
corresponds to the ry, 7,,..,7,, 9, 6,., 6, and arbitrary I, ey, II,€9,..
according to (5.5) can be written in the form

T+ p1+ g+ N(y,...,0)

— ”"'fdxu dxpy - dxy,

rilryter,

z

Xdxyy dxzy - dxy, dx,mr1

O PPN | P Ty

x [ | PUs s (dw) P (1)) Pl ldnin) - PR, L, ()

X P)2(21 ¥21(d’721) ’ Xz/z xz,z( 7723/2)
Prlﬂ I(dﬂ rly”l) Yils }’ll(dg 1 1) P)r/zrfg -}’2572(d’1r2’5'2)

XVl'vrlﬂ'xrl’yr

P{}vll,wu(d,ull) """" Prqb’ Wy q(dTrq7qu)

Wrgs Trg g0

xa,(w) HaA(wij) HO‘A('?;']') T HO‘A(’lij)

><<i[:l]1 {exp[ f gV(w (1+ jB) — m,{t))dtJ—l})
><<f[1 {exp[ J § S et jp)- nz,(t+xﬂ))dt]~1}>

]OKO

...... <f] {exp[— jo Vin,(1)—0,(1)) dt]—l})

i=1

...... (n {exp [— z

i (e Kp) ,,,,,-(z+1ﬁ»dz}—1})

Xexp[_F(wls :ul)‘F(y)_ _F(Cjna %jnr")*F(Trq,l’“')]
N(yaéa---sa)zy2+2y3+ +(r1'_1)’))r1

+Oat A Qg4 A (h—1) (5:6)

Let us decompose the space R” into cubes A(k, k,,..., k,) which have
edges with length a, where 1 <k,< 40, i=1,2,.., v. Let § be a trajectory
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Ho={(kysu k,): O Ak, k)£ DY, n(0)=|X|, 1,(0)=1 il n(B)=n,
1.(8) =0 otherwise, n=1, 2. Put

Qw)= J U Ak, k)

{Ktpnicy) € X0 (i, — < 1

and for any subset ' R", [[],=Tif t=0, [['],=R\I"if t=1.
Let us rewrite (5.6) in the following way:

Zl Fut+g+ N w0 o 0 o0 o0
S Z . Z ...... Z Z
Puelas" gty gy =1 apy =1 Arypey =1 bur =
0 o0
...... RS H.--JPé,{gi;"’(dw)l’g,o(dml)
b'2‘572=1 grqcrrq:1
------ Piggldr, 5, )t @) T 2a(n) - [T g (1))
% z Z ...... Z ...... Z
=01 f112=0,1 tl’l'r‘rl:O‘l lq,rq,r,q=0,l
XJ J ...... [ dx,, dx,
Q(x,w,ln1,---,%,”,4,&11,-~-Jq-rqu)
o dqumq aA,L’O(w X, Wyt Xy )

><< e} {exp[ﬂ Lﬂ f V(w(t+ jB)—n{t)+x—x) dt:|— 1})
i=1 j=0

i

...... (ﬁ {exp[_ fﬁ y ’qi‘ V(5 + 1B)

i=1 0 x=01/=0

_ rrqqi(l +IB)+z; — W,W—) dtJ — 1})

x exp[ —Flw, +x, u)— ] (5.7)
where
(X, 0,y Wiy Nizaeen s Trpor L1 L2 oo Zq),q,drq)
= {xij—xe [Q((D)—‘Q(ﬂlj)][hj, l: 17 23"'7 rl’ J= 17 2:-"9 Vn
yij_xll € [Q(”In) —Q(Oij)]tz,-j’ i= 1’ 2)“') Fa, J: 15 27---7 5i: ~~~~~~ 5

wi— 2, € () — Q)]0 [=1, 201, i=1,2,, 04}
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Let T(a, aygs s &rpoy s Fitts Fiiases s - } denote the integral in the
expression (5.7), corresponghng to the indexes a4, a 1o Loy, . Let us make
the following procedure in the integral 7. If 1;,,, = 1 then we rewrite the
expression

{exp[ J ZlV(cult+]ﬁ)-—1111(t)+x xu)dt]——l} (5.8)

in the form

[ mUﬂiwwluﬂﬁ) n0+x -5, |

xexp[—fmf i:V(col(t—}-jﬂ)—r]“(t)—}—x—x“)dt] (5.9)

Jj=0

In the case ¢,,;,=0 we leave the expression (5.8) without change.
Analogously we transform the other curly brackets in the integral. Thus we
can write

yﬁ:ﬁ ...... f 1 dy 11 doy 1 i,

je st ije sy je sty
x ([ [ Pysr00(dw) Po(dy )+ Pt 0,) 1)
I oama) T e, (z)

Q(x,w,n11,..- »»-,Gq,rq,tx11,1112,---,fq,rq,g,q

...... dqu,% o 0+ %1+ X,.)

B Hin Tq=

...... H [ J Z z V(C]nH“Kﬁ)
’ k=0 [=0
ol 1F) 2w, )
X eXp [_ J: U((l)(l), w(t + ﬂ)a"'» CL)([ + ﬂlﬂ)v '711(1), ”Ixz(t)’«--’ 7’21(’)

N1+ B N2a(t)yeee ooy Ty, L+ (ry — DF]) dt] (5.10)
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where o, = {ijit,,= L}, Ay={irt,,=1}, U= U,m,,m"__’,q,% is some con-
tinuous function. It follows from the (2.7), that !

Uz =20y +2y,+ - +ry9,,+ 0,
+ 20,4 + 2+ 24+ - +H))B
Let ie o, . Then in the expression (5.10) we have
Gt 1B) = T, {1+ 1) + 25— w,, | > (5.11)

Hence

h —
[ a, [z S AU ) =i+ 1)+ 20—, |
=0 /=0
<h r, A (5.12)
Furthermore, note that

j dw< c,a2n(l) - n(o) (5.13)
)~ Qo)

where ¢, is a constant. By using these observations it is possible to show
that

T1<] $ iy ey 17 |

I=1 iedy

X I:ﬁ (lﬁA)lﬁz’l(Cla d1— ol . H b/z]

I=1 iesfy

...... I:ﬁ (h.[ﬁA)\ﬂrq/\(Clan)w—1Aq,1\ H gl’:l

I=1 ie sty

x exp[2B(y; +2y,4+ - +riy,+ 01+ - +hj)B]

X Pg,loﬂ{w: n(w)=aj ﬁ ﬁ Péfo(n(’?/i)=ali)

I=1i=1

""" H H Ply(n(ti) = 8..) (5.14)
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where ¢, is a constant. It follows from Ref. 3 that for any >0

J Plf(dw) explin(w)] < (2niB) =" c(1)’

where ¢{t) < +o0 is a constant. Hence,

Pyt Vi (w: n(w) = a)

g

X ﬁ ﬁ P{)’fo(”(’?/i):aﬁ)”' H ﬁ Pg,?o(n(fli): &

I=1i=1 I=1i=1

S (27[”1[3)“‘,/2(27[[3);?”/2 c(z‘)#l+rl+ g

xexp[—t(a—kZa,,—-!—Zb,,-—l—"'+Zg,,->} (5.15)

Now we want to obtain the estimate for the value 7 /6f. We shall
apply Lemma 3.3. Let A(k4,..., k,) be the same as above. Let us denote by
I, » various connected domains of the type

Fn,N = U A(kl7"'? kv)7 l‘g‘;,Nl =H,

0el, v, n=1,2.. (516)

Puan,N(w) = 1 lf I’Z((U) =n, w< Fn,N

Ina(w)=0 otherwise. A simple argument shows that

Xn(w):ZXn,N(a)) (517)

Hence
X ) [T 2amy) - T1 e, (ty)
= Z Z T Z Xa,.d(w) H Xa,-,-,A,-j(ﬂg) H Xg,,G,-j(Tij) (5.18)

A Ay Gy

We substitute this expression in (5.10) and denote by I (4, 4,,,..., Gy,)
the corresponding term. Let Xa,A(w)HXu,-j,Aij(ﬂij)'”I_.[Xg,'jGij(Tij): 1. Then
the domain Q(x, w, ,,,..., g0y L1115 fq,rq,a,q) does not depend on w, #,
Hitr Og,, 80d we denote it by Q(x, a, a,,..., Zarp A> Ayyse). It is evident
that a functional of the form of y, y(w) can be written as a sum y, y(®)=
2 re.w o%r(®) where |.#| <2" and the functionals « (w) are defined by (3.2).

822/40/1-2-23
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Thus we can write the integral 5 (4, 4,,,... ..., G, ) as asum of integrals of
the form

'/ff fﬂflunfzy"

ge A i,jeaty

[ e [

(x,a,a)1,... ""G'lﬁr,)

s [[+ [ Py 8(de) Pho(ain,y)

...... Pf,‘jg(dfrq.%) (Xe((l), it Trqarq)

X OCA(C()+X, 1’]“+X“, """" > Trqa,q+xrqo,)

< T | = [ 8 i+ 0 -nufy +x-x dt |

ie gy =0

...... [ j “j V(e + KB) =<, (£ + IB)
ie sy,

lcOlO

+ Zin—W,.) dt] exp [— fﬂ U(w(t), o(t + f),...) dt] (5.19)
0

where ee N, | A| <29+ %+ " +Z& [see expression (5.10)]. Let £ be the
Wiener integral in (5.19). We may estimate the derivatives 0“.%/08* by
means of the Lemma. After a simple but enough tedious computations, in

which estimates of the type (5.12) are utilized, one can obtain the following
estimate:

62
aﬁz

2
[ 2(ﬂ)]£’7’+215’+ +Z[‘”[Z7’1+251+ _,_ZU[]

X [ﬁ (ulﬁA)'d’”(cla)’”"W" H au}

=1 ie sy

...... []ﬁ[ (% lﬁA)'“l’q"(c k ) | gl H gh]

iesly

x p(0, y—x, (1+p,)B) H (2nip) 7?2

/=1
< 11 @nip)y 2 [1 @uip) (5.20)

where ¢,(B) is constant.
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It foliows from our argument that
*T
op?

where ¥ is the quantity on the right-hand side inequality (5.14). Further-
more

Ltz at T Reig (5.21)

I?i‘ﬁs“]f(ﬂ+£)l+e"]3’(ﬂ)[+a max _25_:
op 1 —pi<e| O =8

where ¢>0. Let t>2Inc, e=exp[ —(¢/2)(a+X a;+ -~ +X g;]. Then
from the relations (5.14), (5.21), (5.22) we have

(5.22)

i@ﬂ'<c(t Jrrrnts *’Méexp[— é(a+}:ai,-+ +Zg,-j>] (5.23)

There are hfl, h7:--h% terms of type (5.6) in the expression
§ Pet D8 (dew, ) { (wy, py). In addition we must multiply the estimates
(5.23) by the expression z'*#*¢*N/(p 1---r 1) and sum over various
tiats L Ly, . It is easy to show that this sum does not exceed the
quantity.

21714 ey (1, B)) exp {[mﬁ/l rapa+e(a+Ta 43 gﬂ

i [zl ez, BT 1/ 2mip)" — <a+2a,]+ 4y gu)} (5.24)

where ¢,(7, f) is a constant. If 2 |z| exp(BA)<c,(z, )", t>2(2np) "
then the sum of these quantities with respect to various u,, ¢, @, a1, &4,
is finite. Thus

0
‘@m(x, y)‘ <ci(B)
where ¢,(f) is a constant. One can show that if e [, B,], |z| <z(B,, f1)
then

ar + K
} Crrem (5.25)

—m ni m <
aﬁraz;cz pA(x 5y )

where 0<fB;<f,< +oo, z(B;,$,)>0, c,., are constants r=1,2,3,
k,m=1,2,... Now the statements of Theorem 6 follow from the results of
the Refs. 1-3 and estimates (5.25).
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It follows from the relations (5.4), (5.5) and estimates (5.24) that if
z >0 is sufficiently small then

2 2
3770 0>355 2 [ P4 (dw)>0
where p(x, y) is the limit 1-point reduced density matrix. Thus the
hypotheses of Lemma 4.2 are fulfilled (see Section 4), for the grand par-
tition function. Hence Theorem 4 is proved.

The proof of Theorem 2 is similarly to the proof of Theorem 1. In
order to take advantage of the method which we have applied in
Theorem 1 we must only obtain the estimate for the derivatives (0'/6f")
Z(A, z, B)~ ' Z(A, ze™, B) where |A| > | 4] ~* We have

ar

v <

oF In Z(4, ¢, ﬁ)( ¢,

where, fe{f, F,1, 0< B, <f,< +0, { is complex, || <z,, ¢, are con-
stants, r =1, 2, 3. Hence, if z> 0 then

aﬂ Z(A, z, By~ Z(A, ze™, ﬁ)’

|Z(A, z, B) ™' Z(A, ze™, B)| )—a%ln Z(A, z, B) 1 Z(4, ze?, B)| < 2,

Analogously it is possible to estimate the other derivatives Theorem 2 is
proved.
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